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Simulation of continuous arteriovenous hemodialysis with a mathemat-
ical model. We have developed a mathematical model that predicts the
performance of continuous arteriovenous hemodialysis. Given patient
(plasma protein concentration, hematocrit, mean arterial pressure,
central venous pressure) and circuit (flow resistance, membrane hy-
draulic permeability, dialyzer mass transfer coefficient, ultrafiltrate
column height, dialysate flow rate) characteristics as inputs, predictions
of hydraulic and oncotic pressure distribution, filtration rate, blood
flow, total, diffusive, and convective urea clearances are provided. The
model was tested by perfusing a circuit with bovine blood under
conditions of pure ultrafiltration, zero net ultrafiltration and dialysis, or
combined ultrafiltration and dialysis (countercurrent dialysate flow at
rates of 10, 20, and 30 mI/mm). In order to permit computation,
membrane hydraulic permeability and flow resistances were measured.
Dialyzer mass transfer coefficient for urea could not be measured
directly and so was determined by fitting model predictions to measured
urea clearances. For all conditions of operation, a urea mass transfer
coefficient of 0.014 cm/mm successfully simulated the data. Predictions
of blood flow, filtrate generation rate, and circuit pressure distribution
were accurate. At lower dialysate flow rates, urea clearance approxi-
mated the sum of dialysate flow and filtration rate. At higher dialysate
flows, however, departure from this ideal blood-dialysate equilibrium
was observed. Model predictions regarding the relative contributions of
diffusion and convection to urea clearance were explored. Under
conditions of nearly perfect equilibration of urea between blood and
dialysate at the blood inlet, the model predicts that the diffusive
clearance of urea will increase with increasing rate of filtration and may
exceed the rate of dialysate inflow.
Continuous arteriovenous hemofiltration (CAVH) has be-
come a widely accepted modality applicable to the care of
hemodynamically unstable patients with acute renal failure [1—
4]. By removing an ultrafiltrate of plasma and infusing a sterile
replacement fluid, net volume removal and solute clearance are
achieved. An inherent limitation of that method is that solute
removal is convective and so limited by the rate of filtrate
formation. Addition of replacement fluid upstream of the hemo-
filter (predilution) has been shown to moderately increase the
clearance of urea [5], but may be of lesser or no benefit in
augmenting the clearances of other solutes [6]. Geronemus and
Schneider demonstrated that infusion of a countercurrent dial-
ysate stream at rates similar to that employed for predilution
volume replacement substantially increases solute clearance by
adding a component of diffusive mass transfer [7]. This ap-
proach, termed continuous arteriovenous hemodialysis
(CAVHD), can achieve clearances in excess of that obtained
with CAVH, even when low filtration rate and filtration fraction
are maintained [8].
It has previously been shown during hemodialysis that con-
comitant ultrafiltration may interfere with diffusive solute clear-
ance [91. Substantially higher blood and dialysate flow rates are
employed during hemodialysis so that those results may not be
applicable to CAVHD. To determine the magnitude of urea
clearances expected with CAVHD, and to assess the respective
contributions of diffusion and convection to urea transport
across the dialyzer membrane, we derived a mathematical
simulation of this modality. To validate the model and deter-
mine key parameters required for its computation, in vitro
experimental testing was also performed. This report describes
our findings.
Methods
The circuit
We perfused a circuit consisting of the Hospal AN69S
dialyzer (polyacrylonitrile, 4300 cm2, Biospal SCU-CAVH,
Hospal Medical Corporation, Edison, New Jersey, USA) and
blood tubing from a gravity driven pressure source. The details
of the apparatus used to accomplish this have been described
[6]. Dialysate was infused countercurrent to blood flow at rates
of, QdI = 0, 10, 20, and 30 ml/min from a calibrated peristaltic
pump. Except where otherwise specified, dialysate was 0.9%
saline. The arterial blood access was a steel needle 1.3 mm I.D.
and 7.3 cm in length, and the venous blood access was a Vygon
plastic catheter. This corresponds to the M-V (medium needle-
Vygon catheter) access configuration of our previous work [6].
Perfusion pressure was set at 66 mm Hg and ultrafiltrate column
height at either zero (—UF) or 40.5 cm (+UF). The venous
outlet and other circuit components were level, equivalent to
specifying a central venous pressure (CVP) of 0 mm Hg. This
blood access and perfusion pressure combination was chosen
for convenience because it yielded a zero net filtration rate
when filtrate column height was zero.
Blood
Anticoaguated bovine blood was obtained within 48 hours of
experimentation from a local abattoir. Normal (0.9%) saline
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d Rb
— (Pb) =dx Ld
was used to reduce hematocrit (to about 28%) and plasma
protein concentration to values encountered in critically ill
patients. Urea was added at a concentration of 50 mg/dl. Urea
concentrations were measured on a BUN analyzer (Beckman,
Palo Alto, California, USA). Hematocrits were determined by
capillary centrifugation and protein concentration by the
method of Lowry, Rosenbrough and Fan [10]. Temperature of
blood in the holding reservoir was maintained at 33°C instead of
37°C in order to avoid hemolysis. Temperature of blood enter-
ing the circuit was about 30°C, and this value was the one used
as input for model simulations of in vitro data. Normal saline,
equal in volume to the ultrafiltrate formed during experimenta-
tion, was combined with blood collected at the venous end of
the circuit and returned to the holding reservoir. By this means,
hematocrit of the system was kept constant and blood contin-
ually reused. Hematocrit of the reservoir and the color of
collected plasma were monitored throughout experimentation
in order to verify the absence of hemolysis.
Component resistance and membrane hydraulic permeability
Resistance of individual components of the circuit were
measured by perfusing them at various pressures with 40%
sucrose and measuring the flow rate. The pressure-to-flow rate
ratio was divided by the viscosity of 40% sucrose at 23°C (7.01
x iO mm Hg mm), yielding the resistance. Dialyzer hydrau-
lic permeability was determined by measuring pre- and post-
dialyzer pressures and the filtration rate while the circuit was
perfused with normal saline and venous tubing occluded. The
filtration rate divided by the transmembrane pressure yields the
ultrafiltration coefficient which, when divided by the dialyzer
surface area, S, gives an estimate of hydraulic permeability, L.
Although we assume that S is equal to the value specified by the
manufacturer it can be shown that equivalent perturbations of S
and L yield identical changes in model predictions of blood
flow and filtration rates so that the precise value of S is not
critical to that aspect of analysis. We have previously demon-
strated this as part of a detailed sensitivity analysis [61. Deter-
mination of K, the length average mass transfer coefficient for
urea is an objective of this study, and to the extent that S is in
error, a proportionate error in K will result. Again, however,
the product of K and S determine overall performance of the
dialyzer so that predictions of diffusive urea transport (and
clearance) are not affected. Dialyzers were perfused with blood
for 30 to 45 minutes prior to use. In order to document changes
in membrane properties, hydraulic permeability was measured
prior to perfusion and before and after experimentation. De-
tailed descriptions of these methods have been provided [6].
Clearance measurements
Measurement of blood flow and ultrafiltrate formation were
determined by timed collections at the venous and dialysate
outlets. Transit time of blood through the hemofilter was
determined by injection of F.D. and C. green dye into the blood
inlet. Multiple documentations of steady state operation were
obtained by measuring blood and dialysate outlet urea concen-
trations after the onset of dialysis. Such determinations verified
that steady state operation was achieved within five minutes
after appearance of dye at the blood outlet.
Urea concentrations were measured in the steady state and
clearance of urea, Cl, calculated as,
Cl=QdO (1)
CbI
where Qd0 and Cd0 refer to the dialysate flow rate and urea
concentration at the dialysate outlet, and CbI to plasma urea
concentration at the blood inlet.
In order to be consistent with model definitions, urea con-
centrations in plasma were corrected for water content. This
was done by dividing the measured value by the factor (1 —
pC) (equation 12 and Discussion).
Mathematical model
Pressure distribution. In a manner similar to our previous
evaluation of CAVH, we have simulated circuit components
(blood access, blood tubing, and hemofilter) as Poiseuille resis-
tors [6]. According to this approach, circuit pressure at the
dialyzer inlet is equal to P1,
— (Raa + Rat)!Ll,b (2)
where Raa and Rat are the resistances of the arterial blood
access and tubing, respectively, "a is equal to the mean arterial
pressure (MAP), p., is the viscosity of blood, and b is the
blood flow rate entering the arterial access. As previously
described [6], flow resistance, R, of a device perfused at a rate
Q with a fluid of viscosity p, is defined according to Poiseuille's
equation,
R= (3)
where P is the pressure drop across the component, Q is the
flow rate through the component, and is perfusate viscosity.
Similarly, the venous pressure at the end of the circuit, Ps,, is
given by,
= P0 — (R,, + Rva)tL.,QbO (4)
where P0 and Qb0 are the pressure and blood flow rate respec-
tively at the dialyzer blood outlet, and and Rva are the
resistances of the venous tubing and venous blood access.
Pressure on the blood side of the dialyzer membrane, b, has
been calculated according to,
(5)
where Rb is the dialyzer resistance to blood flow, Ld is the
dialyzer length, Qb blood flow rate in the dialyzer and x, the
location along the dialyzer axis (x = 0 at the blood inlet,
dialysate outlet). Justification for using equation 5 when blood
viscosity varies with location along the dialyzer has been
discussed [6].
On the dialysate side, the pressure, P, is given by,
(Pd) = (6)dx Ld
where Rd is the flow resistance on the dialysate side, Qd is the
dialysate flow rate, and p is the viscosity of the dialysate. The
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difference in sign on the right hand side of equations 5 and 6
result from the opposing directions of blood and dialysate flow.
Conservation equations. Blood flow rate within the dialyzer
is the sum of cell flow rate Q and plasma flow rate, Q.
Isosmotic conditions are assumed to exist within the circuit so
that Q is constant and equal to the product of the systemic
hematocrit, H, and tb.
Conservation of volume on the blood side of the dialyzer
takes the form,
-- (Q) = —L--dx Ld
where J,, is the rate of transmembrane volume flux, S total
dialyzer membrane surface area, and Ld dialyzer length. On the
dialysate side,
J is defined by,
-- (Qd) = —J--dx Ld
Jv = LP[(Pb — Pd) — r]
where L is the hydraulic permeability. is plasma oncotic
pressure, defined in terms of the plasma protein concentration,
C, by the Landis-Pappenheimer equation [11],
= 2.lC + 0.16C + 0.009C (10)
This assumes that a protein concentration gradient is not
established across the blood channel due to rejection of proteins
at the membrane surface. The validity of this approach, for the
low filtration rates encountered in CAVH or CAVHD, is
supported by prior studies [6, 12].
Plasma protein concentration is determined from,
c = (1
— H)Obt
P
where t is the protein concentration of plasma at the entrance
to the circuit.
In this study, attention has been restricted to the transport of
urea. The halftime for urea equilibration across the erythrocyte
membrane is expected to be about 0.2 seconds, much less than
dialyzer transit time [13]. For this reason we assume that urea
is in equilibrium across the red blood cell (RBC) membrane.
Subject to this assumption, conservation of urea in the blood
yields,
d S
— [{(l — pC) Q + fQ} Cb] = —dx Ld
and on the dialysate side,
(QC) =
dx Ld
where Cb and Cd are the average (see below) concentrations of
urea in plasma water and dialysate, respectively, f is the
fractional volume of distribution of urea in the erythrocyte
(equal to 0.86) [13], and the factor (1 — /.C1,) is used in the
manner of Cotton and coworkers to account for the volume of
plasma inaccessible to solute due to the presence of proteins (i
= 0.0107) [14].
Transmembrane flux of urea
Transport of urea from blood to dialysate occurs by diffusive
flux and by convective transport associated with ultrafiltration
of plasma. The former involves diffusion from the plasma (and
RBC's) to the membrane, permeation of the membrane, and
diffusion into the dialysate. In conventional hemodialysis, the
resistance to mass transfer of urea is located primarily in the
(7) blood and membrane permeation steps so that a concentrationgradient of urea is generated both along the dialyzer axis and
transversely from the center of the blood channel to the
membrane surface. Two dimensional models of this process
which account for transverse and axial gradients have been
presented by Grimsrud and Babb [15] and Colton et at [16].
Underlying assumptions that permitted those authors to arrive
(8) at analytical (albeit computationally difficult) solutions areinvalid for conditions of operation in CAVHD. First, they
require a high, turbulent dialysate flow so that minimal resis-
tance to mass transfer and nearly constant solute concentra-
(9) tions can be anticipated in the dialysate. Second, ultrafiltration
is neglected. The unfamiliar reader is refered to the excellent
discussion of Cotton and Lowrie [17].
A less rigorous alternative, which avoids the complexity
involved with solving partial differential equations, has been
used by other authors [181. This involves simulating diffusive
transport by employing a "length averaged" mass transfer
coefficient, K. Transmembrane flux of urea, J, is defined as the
sum of convective and diffusive terms as follows,
= jV(b + Cd)1!2 + K(Cb — Cd) (14)
In this equation, and in equations 12 and 13, urea concentra-
tions in the blood and dialysate are specified according to their
average or "mixing cup" concentrations. For flat plate dialyzer
(11) geometry, these are defined by,
( h, [V(l — /iC1,) + fV) ]C'b(x, y)WNdy
Cb = (15)Q(1 — fQ
fhd
I VdC'd(x, y)WNdyJo
where Vi,, V,, and Vd are the local velocity of plasma, RBC's,
(12) and dialysate, respectively, C'b and C'd are the local urea
concentration in plasma water and dialysate, respectively, hb
and hd are the height of blood and dialysate channels, W the
width of the channels, N the number of channels, x the location
along the dialyzer, and y the transverse coordinate perpendic-
(13) ular to the membrane (y 0 at the membrane surface). The
velocities, V, V, and Vd, and concentrations C'b and C'd are
spatially dependent upon both the x and y coordinates.
Blood rheology
Blood viscosity varies as a function of plasma protein con-
centration and hematocrit. In order to permit computation,
and,
Cd =
Qd (16)
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equations are required that specify this dependence. In our
prior work, a set of empirical equations for calculating js were
presented [6]. When compared to current experiments, those
equations resulted in systematic overestimation of blood flow
through the circuit, suggesting underestimation of blood viscos-
ity. For this reason we now use the approach suggested by
Merrill [19], which employs the expression of V and for
suspensions of spheres [20],
= /4,37 (1 + 2.54) + 0.07354,2) (17)
where /.Lb,37 and /4,37 are blood and plasma viscosity at 37°C,
and 4) is local hematocrit,
(18)Q, + Q
Variation of plasma viscosity with protein concentration
employs the same equation previously described,
Cp
/4,37 P'w,37 + (i , — /L37) -
"-p
where is the viscosity of water at 37°C (0.864 X iO mm
Hg. mm); s',, is normal plasma viscosity (1.54 x i0 mm
Hg. mm), at a plasma protein concentration C's, of 7 gldl [6,
21].
Merrill and coworkers have demonstrated that variation of
blood viscosity with temperature is proportional to the change
in water viscosity [22]. Accordingly, we estimate this from,
(w,2O\ IIb = Pb,37IJ (20)
\/.Lw.37/ 'Pw,201
where 2O and p.. are water viscosity at 20°C and tempera-
ture, T. The ratio of water viscosity at 20°C to that at 37°C is
1.449 [23], and the ratio of water viscosity at any temperature,
,. to that at 20°C is given by,
= e{23°3 g(T)} (21)
Pw,20
where g (1) is defined by,
g (T) = 1.327 (20 — T)
— 0.00105 (T — 20)2 (22)
Equations 21 and 22 are the formulas used to generate tabled
values relating water viscosity to temperature, T (°C), and are
valid from 20°C to 100°C [23].
As in the previous study [6], we assume that blood channel
height is sufficiently large that partitioning of red cells and
plasma does not occur at the dialyzer entrance. Accordingly,
alteration in hematocrit and viscosity due to the Fahreaus [24]
and Fahreaus-Lindqvist [25] effects are neglected.
Urea clearance
Urea clearance, Cl, calculated on the basis of removal from
the blood is defined as,
Cl = {Cbj(l — IC)Q + Q]
— C [(1 — i/.C,,,,,) Q0 + Q]} (23)
or, assuming zero urea concentration at the dialysate inlet, as,
Cl QdoCdo (24)
CbI
Model computations of equations 23 and 24 yield identical
values for Cl. Qd0 = Qd1 + Q so that equation 24 yields,
Cl = QdLCdO + (25)
Cb1 Cbj
where Q, the rate of filtrate formation, is equal to the difference
between outlet and inlet dialysate flow rates, the subscript "i"
refers to the value of the variable at the blood or dialysate inlet
as appropriate, and "o" refers to values at the outlet.
'19 Recently, in their evaluation of CAVHD, Sigler and Teehan
used equation 25 to separate solute clearance into estimates of
diffusive and convective components [8]. We will designate
these as CID,I and Cl,1, respectively,
C1DI
Qd,Cdo (26)
Cbj
and,
Cl,1 = (27)
CbI
Equations 26 and 27 are not rigorously defined in terms of actual
diffusive and convective components of urea flux. In order to
define true diffusive, C1D2, and convective urea clearance,
Cl2, we can integrate diffusive and convective transmembrane
urea flux, as defined by equation 14, over the membrane
surface.
1 SCID2 =
— J K(C,, — Cd) — dx (28)
CbI o
and,
1 PLd SCl2 =
— J JV l/2(C, + Cd) — dx (29)
CbI Ld
While it is true that C1DI + Cl1 represents total clearance and
therefore equals Cl2 + Cl2, it is not the case that C1DI =
Cl,2, or that CL1 = Cl2. The model provides an opportunity
to quantitate discrepancies between these definitions of diffu-
sive and convective clearance.
Boundary conditions and computation
Pressure on the blood side at the dialyzer entrance is given by
equation 1. Pressure (mm Hg) at the dialysate outlet, P, is
estimated as the negative of 0.74 times the ultrafiltrate column
height (cm). Dialysate flow rate and urea concentration at the
entrance to the dialysate side of the hemofilter are specified,
T + 105
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Table 1. Parameter values
Parameter Units Value N Source
t,,H
g/dl
—
5.72 0.38
0.28
11
—
a
b
1a mmHg 66 — bP mmHg 0 — bP mmHg
mm Hg
0,(—UF)
—30, (+UF)
—
—
b
b
R,,
Rat,
1/cm3
1/cm3
7.63 x iø
2.05 x lO
0.04 x io
—
3
[6)
a
Rb I/cm3 6.22 x iO
0.71 x l0
5 a
Rd
RvaL
S
1/cm3
I/cm3
cm/(min . mm Hg)
cm2
0
1.52 x iO
5.08 x iO
4300
—
—
11
—
c
[6]
c
d
f — 0.86 — [13]
K cm/mm 0.014 — c
and the dialysate urea concentration at that site is zero. Blood
flow rate entering the circuit Ob is determined by iterative
integration of the governing differential equations such that its
value yields a prediction of venous pressure, P..,, equal to that
specified as the central venous pressure (CVP). Criteria for
convergence of Ob and computational methods are identical to
those previously described [61.
Results
Parameter values
Parameter values used as inputs for model simulations of in
vitro measurements are listed in Table 1. Dialysate side resis-
tance could not be accurately measured. This is because the
support plates for flat plate dialyzers are located only on the
dialysate side of the membrane so that perfusion of the dialysate
chamber with sucrose results in alteration of dialysate channel
height. Dialysate viscosity is about one-third that of blood, flow
rate of dialysate is low, and the crossectional area of the
dialysate channel in the Hospal AN69S hemodialyzer is three
times that of the blood side channel. For these reasons, it is
expected that pressure on the dialysate side is nearly constant
and equal to the value of pressure at the dialysate outlet. We
simulated the circuit in this manner by using a value of zero for
Rd, the dialysate side resistance to flow (equation 6). Hydraulic
permeability was measured in 11 dialyzers prior to perfusion
with blood, after 30 to 45 minutes of perfusion with blood, and
again after experimentation. The respective values (mean SE)
at these three times were 6.04 x iO 0.08 x l0, 5.44 X
l0— 0.06 x iO—, and 4.73 x iO 0.12 x l0— cm!
(mm mm Hg). L, listed in Table 1, is the mean of the last two
values. Consistent with the properties of hydrophilic mem-
branes [26], far less variation in hydraulic permeability was
observed with polyacrilonitrile than had been previously ob-
served with the hydrophobic polysulfone [6].
Table 2. Blood flow and filtration rates
Mode N
Qd1 Ob Q
mi/mm
(M) (P) (M) (P)
CAVHD (—UF) 24 10 88.0 1.5 94.6 —0.1 0.3 0.75
23 20 92.5 1.7 94.6 —0.4 0.3 0.75
24 30 89.7 3.6 94.6 —1.3 0.4 0.75
CAVHD (+UF) 10
10
10
10
20
30
89.6 2.7
91.3 1.8
91.5 1.7
93.7
93.7
93.7
5.5 0.2
5.9 0.2
5.3 0.7
7.04
7.04
7.04
Blood flow and filtration rate
Blood flow rate, b' and filtration rate, Q1, measured and
predicted by the model are shown in Table 2. Blood flow rate
showed little variation whether the circuit was operated with or
without a dialysate stream or whether or not there was net
filtration. The ultrafiltrate formation rate was similar in the
absence or presence of concomitant dialysis. All model predic-
tions were reasonably close to measurements, however, there
was a systematic tendency to overestimate blood flow and
filtrate formation rates.
Urea clearance
The length averaged mass transfer coefficient, K, could not
be measured directly. Instead, this parameter was varied sys-
tematically while other parameters were held constant and
equal to the values listed in Table 1. The urea clearances
predicted by the model, as inlet dialysate flow rate was varied
from zero to 30 mllmin and K was varied, are shown in Figure
1 (—UF, left panel, and +UF, right panel). The measured urea
clearances are also shown on those graphs. Both in the pres-
ence and absence of net filtration, a value of 0.014 cm/mm
(dashed curve) yielded a best approximation of the data (by
minimizing the sum of the squares of the residuals). As resis-
tance to mass transfer approaches zero (and K becomes large),
the model predicts that urea clearance will approach the sum of
dialysate flow and filtration rate. As found by Sigler and Teehan
[8], equilibration between blood and dialysate at the blood
inlet-dialysate outlet was nearly complete at lower dialysate
flow rates. At higher dialysate flows, however, some departure
from perfect equilibrium was apparent. This is illustrated in
Figure 2 where the normalized concentrations of urea predicted
by the model both in the blood (solid curves) and dialysate
(broken curves) are plotted as a function of dialyzer location.
When inlet dialysate flow is 10 mI/mm (Fig. 2A), near complete
equilibration at the dialysate outlet is predicted, while at a flow
of 30 ml/min (Fig. 2B), complete equilibration is not expected.
Urea clearances, when compared with those achievable with
CAVH alone, were remarkably high.
Dialysate dextrose concentration
In practice, dialysate may contain high concentrations of
dextrose. In order to determine whether presence of dextrose
might exert an osmotic force and augment the generation of
ultrafiltrate, 13 paired determinations of filtration rate were
CAVH (+UF) 11 0 86.3 3.0 93.7 6.7 0.7 7.04
a Parameter value (mean SE) measured as part of this study.
b Parameter value specified as an input.
C Details in text.
d Manufacturer's specification.
Blood flow and filtration rates are those measured (M) and predicted
by the model (P). N is the number of measurements.
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0.80
- -
0.600
a 0.40
C.)
0.20 Qdi = 10
0
0 0.20 0.40 0.60 0.80 1 0 0.20 0.40 0.60 0.80 1
x/Ld
Fig. 2. Variation of normalized urea concentration in blood (solid
curves) and dialysate (broken curves) as a function of dialyzer position,
x/Ld, are shown. Model predictions are for the —UF mode of operation
when dialysate inflow, QdI, is either 10 mllmin (A) or 30 mI/mm (B).
Arrows refer to the direction of flow. Cb, refers to the concentration of
urea in plasma water at the blood inlet.
obtained in four circuits when Travenol Dianeal containing
either 1.5 or 4.25% dextrose was used as dialysate. Circuit
parameters were those listed in Table 1 (+UF mode) with an
inlet dialysate flow rate of 20 mI/mm. Ultrafiltration rate was 8.5
0.4 mi/mm (mean SE) and 8.2 0.6 mi/mm in the case of
1.5% and 4.25% Dianeal, respectively. No increase in filtration
rate was observed with the higher dextrose concentration,
suggesting that glucose exerts insignificant osmotic pressure
across the membrane (reflection coefficient of polyacrylonitrile
to glucose is zero).
Pressure distribution
Pressures, normalized with respect to the arteriovenous
pressure gradient, Pa, measured (solid lines) and predicted by
the model (broken lines) at prefilter and postfilter locations are
shown in Figure 3. Measurements and predictions for the circuit
modes and dialysate flow rates listed in Table 2 were indistin-
guishable, so that the data was combined. Error bars are not
shown in Figure 3 because they are smaller than the point
markers. Model predictions of circuit pressures were accurate.
Diffusive and convective clearance
Model predictions of diffusive and convective components of
urea clearance defined in the manner used by Sigler and Teehan
Location
Fig. 3. Normalized hydrostatic pressure on entry to the circuit (arte-
rial), at pre- and postdialyzer locations, and at the end of the circuit
(venous). The solid line represents measurements and the broken line,
model predictions. Error bars are not shown because they are smaller
than the point markers.
[8], (C1DI and Cl1, equations 26 and 27) and defined according
to the components of equation 14 (Cl2 and Cl2, equations 28
and 29), are shown in Table 3 for various inlet dialysate flows at
a filtration rate of 7.04 mllmin, and for various filtration rates at
an inlet dialysate flow of 20 mllmin. In all cases, the fraction of
urea clearance due to diffusion, as determined by equations 28
and 29, is underestimated by equations 26 and 27. In addition,
as shown for an inlet dialysate flow of 10 ml/min and ultrafiltrate
column pressure, Pf, of —30 mm Hg, when nearly perfect
equilibration of urea concentration exists at the blood inlet (Fig.
2A), diffusive clearance, C1D2, can exceed the dialysate inflow
rate. This is further illustrated by the results in Table 4 where
model predictions of diffusive clearance, Cl2, are shown as
filtration rate is increased by increasing the ultrafiltrate column
height. In the case of nearly perfect blood-dialysate urea
equilibration, afforded by a high mass transfer coefficient (K =
0.014 cm/mm), diffusive clearance increases with increasing
ifitration rate. If calculations are repeated with a lower value of
the mass transfer coefficient (K = 0.001 em/mm), dialysate
leaves unequilibrated and the opposite trend is predicted.
A B
E
0
30
20
10
0
0 10 20 30
Fig. 1. Variation of urea clearance, Cl, with
rate of dialysate inflow, Q,, for conditions of
zero net filtration (—UF mode, A) and when
filtration is induced by applying negative
pressure to the ultrafiltrate column (+UF
mode, B). The model was solved for various
values of the urea mass transfer coefficient, K
(solid curves) using parameter values listed in
I. A value of K = 0.014 cm/mm
0 10 20 30 provided the best fit to the data for both
modes of operation (broken curves). Error
bars are mean SE.
A B
K
0.050 40 K/ 0.020 0.050
0.014 0.020
0.010 30 0.014
0.010
0.005 20 0.005
10 0.0010.001
0 ___________________________
Qdi, rn//rn/n
0.80
- 0.60
Qdi = 30 -'
0.40
0.20
0
Arterial Pre Post Venous
Pa/lone et al: A mathematical simulation of CA VHD 131
Table 3. Convective and diffusive clearance
Pf Qd Q Cl C1,2 Cl1 CID,2 Cl0,1
—30
—30
—30
10
20
30
7.04
7.04
7.04
16.8
24.4
29.4
6.43
5.67
5.09
6.94
6.36
5.58
10.4
18.7
24.3
9.88
18.1
23.8
—10
—20
—30
20
20
20
2.85
4.95
7.04
20.9
22.7
24.4
2.44
4.08
5.67
2.62
4.48
6.36
18.5
18.6
18.7
18.3
18.2
18.1
OtherFlow rates and clearances are in mtfmin, and P, mm Hg.
parameters employed in these simulations are listed in Table 1.
Table 4. Effect of filtration on diffusive clearance of urea
Pf
mm Hg
Q
mi/mm
CID2
mi/mm
.K = 0.014 cm/mm K = 0.001 cm/mm
—10 2.83 10.0 3.35
—20 4.94 10.2 3.27
—30 7.04 10.4 3.20
—40 9.12 10.6 3.13
—50 11.2 10.7 3.07
—60 13.3 10.9 3.01
—70 15.4 11.0 2.96
Calculations of true diffusive urea clearance, Cl02 (equation 28)
when inlet dialysate flow rate, QdI' is 10 mllmin.
Parameter values used for the above simulations, other than
those in Tables 3 and 4, are specified in Table 1.
Conclusions
A mathematical model which simulates CAVHD has been
developed and tested. The dissipation of hydrostatic pressure
along the circuit was determined from Poiseuille's equation,
and the variation of oncotic pressure from the Landis-Pappen-
heimer relationship. Transmembrane volume flux was calcu-
lated according to Starling's equation. Transport of urea from
blood to dialysate was determined as the sum of convective flux
carrying urea at a concentration equal to the average of that in
the blood and dialysate, and diffusive flux, proportional to the
difference between average blood and dialysate urea concen-
trations.
Several limitations of the model exist. The estimation of
transmembrane volume flux from Starling's equation is an
invalid approach if a protein concentration gradient is estab-
lished across the blood channel due to rejection of proteins at
the membrane surface. For the low filtration rates of current
and previous simulations [61, good agreement with experiment
was found. For high rates of filtration induced by large trans-
membrane hydrostatic pressure, protein polarization does oc-
cur [141, and a model such as this will fail to give accurate
predictions of filtration rate. The determination of diffusive
solute transport in the manner of equation 14 (proportional to
the difference between average blood and dialysate urea con-
centrations) represents an attempt to model a complex two-
dimensional problem in a simple manner. The length average
mass transfer coefficient, K, represents the overall conductance
observed across blood and dialysate streams and the dialyzer
membrane. As such, it cannot be easily measured and tabulated
and thereby limits extension of models which employ this
strategy.
A systematic tendency to overestimate blood flow rate (by 2
to 7%) was noted (Table 2). This was true to an even greater
degree (by as much as 20%) in our previous work where
different equations were employed to calculate the variation of
blood viscosity with hematocrit [6]. The greater accuracy we
observed leads us to favor the current approach (equation 17).
Since the blood in this study was derived from a different
source, other factors may also contribute. A systematic over-
estimation of filtration rate was also observed (Table 2). Two
possibilities may explain this. First, the Landis-Pappenheimer
equation (equation 10) may underestimate the colloid oncotic
pressure of diluted bovine plasma. Second, due to rejection at
the membrane surface, protein concentration and colloid oncot-
ic pressure at the membrane surface may be somewhat higher
than that calculated on the basis of equations 10 and 11. We
have no basis to differentiate between these sources of error.
Despite these shortcomings, this simplified approach was
successful in simulating measurements of urea clearance at
various dialysate flow rates, in the presence and absence of net
filtration. Furthermore, unique features of CAVHD were dem-
onstrated. The excellent blood-dialysate equilibration afforded
by a slow dialysate stream makes urea clearance predictable
(nearly equal to the sum of filtration rate and dialysate inflow),
and demonstrates that high urea clearance can be achieved
without necessitating high filtration fraction which might pro-
mote clotting.
Predilution volume replacement with CAVH provides a con-
centration gradient favoring the removal of urea from the
erythrocyte interior. It would seem from this and other studies
[7, 8] that dialysis of the red blood cell interior is accomplished
when blood and dialysate are separated by a highly permeable
membrane so that combining and separating fluid streams may
be unnecessary. Fluid which might be used to predilute with
CAVH is effectively used by passing it on the opposite side of
the dialyzer membrane in countercurrent flow.
Concern that concomitant ultrafiltration might markedly in-
terfere with the dialytic process is unfounded. The excellent
degree of blood-dialysate urea equilibration observed clinically
[8] and with our in vitro and mathematical simulations is
virtually unaffected by combining filtration and dialysis. It is, in
fact, a prediction of the model that for low dialysate flow and
the urea mass transfer coefficient of the dialyzer studied, the
diffusive component of urea clearance may increase as filtration
rate rises (Tables 3, 4). During simultaneous filtration and
dialysis, ultrafiltrate formed across the dialyzer membrane
carries urea at a concentration that is less than that of peripheral
plasma. Thereby, true convective clearance must be less than
the rate of ultrafiltration. If the ultrafiltrate so formed (particu-
larly near the blood outlet where the plasma urea concentration
is minimal, Fig. 2) is to leave the dialyzer in equilibrium with the
blood, prior to exit of that ultrafiltrate from the dialyzer some
additional urea must be transported from the blood by diffusion.
For conditions of perfect blood-urea equilibration at the blood
inlet, all of the urea carried by the dialysate must be transported
by diffusion so that the total diffusive transport will exceed the
rate of dialysate inflow. Other authors have suggested that, due
to solvent drag, increasing filtration may diminish the diffusive
component of solute clearance by reducing the blood-dialysate
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concentration gradient [9]. This model, for conditions of low
dialysate flow and nearly perfect equilibration of urea at the
dialysate outlet, suggests, by the mechanisms outlined above,
that the opposite may be the case for CAVHD. These concepts
are not altered if an estimate other than the arithmetic mean is
used in equation 14 (such as the log-mean). It suffices that the
concentration of urea in filtrate crossing the dialyzer membrane
will be less than that in peripheral plasma.
A potential benefit of convective blood cleansing modalities
over dialytic therapies may be found in the clearances of higher
molecular weight solutes. It would seem, however, for the
critically ill patient in the intensive care unit, removal of
undefined middle molecular weight toxins is of a lesser concern
than the removal of water, electrolytes and urea. Furthermore,
simultaneous slow continuous hemodialysis and hemofiltration
are easily combined. We hope that this study will encourage the
further use and study of continuous arteriovenous hemodialysis
in the treatment of critically ill patients with acute renal failure. References
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